The efficiency of a Carnot Heat Engine enhances whenever one increases the temperature of the hot reservoir or decreases the temperature of the cold reservoir. We show that for a Quantum Heat Engine, decreasing the temperature of the cold reservoir may not enhance the efficiency of the heat engine. This is because at low temperatures the small internal interaction energy of the working substance becomes comparable with thermal fluctuation energy. Thus the internal interaction reduces the efficiency of the heat engine.
INTRODUCTION
Studying the effects of the quantum mechanical laws on the efficiency of a heat engine is one of the research areas in the field of quantum thermodynamics. The first attempts on the realization of a Quantum Heat Engine (QHE) was made by Scoville and Schultz-DuBois [1] . They used a three-level atom as the working substance of the QHE and obtained the Carnot efficiency for their engine. Bender et al., designed a QHE with Carnot efficiency, by a single particle confined to a potential well [4] . An ideal Carnot engine operates at infinite time, thus having null power. Approaching Carnot efficiency with non-zero power is of interest [2, 3, 5, [7] [8] [9] [10] [11] . Campisi and Fazio designed a heat engine with a working substance at second order phase transition with non-zero power that enables to reach the Carnot efficiency [11] . Abe and Okuyama have shown that the superposition of quantum states can enhance the efficiency of a QHE [6] . As one expects, extractable work from a heat engine should scale linearly with the number of cycles. But the scenario could be different in the domain of quantum mechanics. Watanabe et al., proposed a model of QHE that the extractable work may have an additional oscillatory contribution as a function of cycles [12] .
In this work, we study the role of interaction between elements of the working substances on the efficiency of a QHE. First we propose a QHE with a two level atom as its working substance that operates at Carnot efficiency. Then we add a second atom and allow it to interact weakly with the first one. We derive a relation between the deviation from Carnot efficiency and the temperature of hot/cold reservoirs. Then, we shall see that decreasing the temperature of the cold reservoir, increases the deviation. Thus, decreasing the temperature of a cold reservoir dose not always enhances the efficiency. However increasing the temperature of the hot reservoir, decreases the deviation, and enhances the efficiency.
QHE BY A TWO-LEVEL ATOM

Thermodynamics of the System
Consider a 2-level atom with Hamiltonian:
That contacts with a heat reservoir of temperature T . We assume that the energy gap of the atom is much larger than the thermal fluctuation energy, i.e. β∆ 1. Where β ≡
1
T is called inverse temperature. We use units in which K B = 1, where K B is the Boltzmann constant.
The density matrix of a system in contact with a heat reservoir of inverse temperature β is given by:
where Z is the partition function of the system and is defined as:
Using (1), the partition function of the system (3) can be written as:
With the partition function in hands, we can now calculate the thermodynamic potentials of the system. Free Energy:
Internal Energy:
Entropy: The cycle for our heat engine consists of the following processes:
In what follows we shall describe each process separately.
Isothermal Expansion: In the isothermal expansion the system absorbs heat from the hot reservoir. According to figure (1), decreasing ∆, causes the entropy of the system to increase. Thus, the system can absorb heat from the hot reservoir. Therefore, fixing β and decreasing ∆ corresponds to an isothermal expansion [The process a → b in the figure (2)]. In an isothermal process, the work and the heat exchange of the system are respectively:
Adiabatic Expansion: In an adiabatic process the system is isolated from the reservoir i.e. the heat exchange is equal to zero (Q = 0). Thus the entropy of the system remains constant. From (7), it is evident that in our model, an adiabatic process corresponds to a process in which β∆ remains constant. Since in adiabatic expansion the temperature of the system drop down, increasing β and decreasing ∆ in such a way that β∆ remain constant, leads to an adiabatic expansion[The process b → c in the figure (2) ]. In an adiabatic process, the work and the heat exchange on the system are respectively:
Isothermal Compression: In an isothermal compression, the system releases heat to the cold reservoir. Similarly to the case of isothermal expansion, fixing β, but increasing ∆, leads to an isothermal compression [The process c → d in the figure (2) ]. Formulas for the work and the heat are the same as in (8) and (9) .
Adiabatic Compression: Similar to the adiabatic expansion, β∆ remains constant in an adiabatic compression. But now we decrease β and increase ∆, again in such a way that β∆ remains constant [The process d → a in the figure (2) ]. Formulas for the work and the heat are the same as in (10) and (11) .
Efficiency of the Heat Engine
We can now compute the efficiency of our heat engine. The efficiency of a heat engine is defined as:
Where Q H is the amount of heat that is absorbed from the hot reservoir and Q C is the amount of heat that is given to the cold reservoir. In our cycle, these quantities are respectively:
Since b → c and d → a are adiabatic processes we have:
Therefore:
So the efficiency of our heat engine is:
Which is equal to the efficiency of a Carnot heat engine.
QHE BY WEAKLY COUPLED TWO-LEVEL ATOMS
Increasing the number of non-interacting working substances, increases the output work of the heat engine but the efficiency remains constant. Now we want to show that turning on the interaction between working substances, decrease the efficiency of the heat engine. We start with a simple model: The coupling of identical two-level atoms that are weakly interacting with each other. Like previous section, we begin by calculating the thermodynamic potentials of the system.
Thermodynamics of the System
A simple Hamiltonian for a couple of identical, weak coupled two-level atoms, is: H = − ∆ |g; g g; g| + ∆ |e; e e; e| + δ |g; e e; g| + |e; g g; e|
Where |g; e represents a two-particle state in which the first particle is on the ground state and the second one is on the excited state. Here δ shows the strength of the coupling. Weak coupling condition implies δ ∆. We also assume that the strength of the coupling to be much less that of the thermal fluctuation energy βδ
1.
The partition function of the system is:
The thermodynamic potentials of the system, to the second order of δ, are Free Energy:
Entropy:
Performing The Cycle
We apply the cycle of the previous section (one-atom QHE) to this case. Here the processes b → c and d → a will not be exact adiabatic processes. There will be a small heat exchange due to the term δ 2 β 2 S 1 that should be taken into account, when we calculate the amount of heat absorbed/released by the system.
Efficiency of the Heat Engine
Heat transformation to the system at each step is as following:
In the processes b → c and d → a, β∆ is fixed. Therefore, from (28) and (29) we have:
where i = 0, 1. The absorbed and released heat by system are respectively: 
Now using variables:
and the fact that θ C and θ H are small relative to Θ, we obtain:
So the efficiency is:
where η c is the Carnot efficiency, given by:
The deviation from the Carnot efficiency is:
As it is clear from (46), the deviation is a function of reservoirs' temperature. Increasing the temperature of the hot reservoir, decreases the deviation, but decreasing the temperature of the cold reservoir, increases the deviation. This is because at low temperatures interaction energy is comparable with the thermal fluctuation energy. So at low temperatures, the effect of interaction is more evident. Contrary to the case of an ideal Carnot engine, we see that decreasing the temperature of cold reservoir dose not always increases the efficiency of a system having internal interaction.
